Abstract. We describe solvable Leibniz algebras whose nilradical is a quasi-filiform Leibniz algebra of maximum length.
Introduction
Leibniz algebras are generalizations of Lie algebras and they have been introduced by J.-L. Loday in [13] as a non-antisymmetric version of Lie algebras. These algebras preserve a unique property of Lie algebras -the right multiplication operators are derivations. Many classical results of the theory of Lie algebras were extended to the case of Leibniz algebras. For instance, the analogue of Levi's theorem for Leibniz algebras was proved by Barnes [2] . He showed that any finite-dimensional Leibniz algebra is decomposed into the semidirect sum of solvable radical and semisimple Lie subalgebra. Therefore, the biggest challenge in the classification problem of finite-dimensional Leibniz algebras is the study of solvable part. Due to [7] , where the method of the description of solvable Lie algebras with a given nilradical developed in [15] was extended to the case of Leibniz algebras, the problem of classification of solvable Leibniz algebras reduces to study of nilpotent one.
The inherent property of non Lie Leibniz algebras is the existence of the non-trivial ideal, generated by the squares of elements of an algebra.
The approach to description of Lie algebras with a given nilradical is based on the method developed by Malcev in [14] and Mubarakzyanov in [15] . To descriptions of solvable Lie algebras with various types of nilradicals were devoted papers [16] , [17] , [19] [20] [21] [22] [23] . For the case of solvable Leibniz algebras we have similar results, that is, there are classifications of solvable Leibniz algebras with various type of nilradical, like Heisenberg nilradical [3] , filiform [6] , naturally graded filiform [8] , [12] , triangular [9] , direct sum of null-filiform algebras [11] , some classes of naturally graded quasi-filiform Leibniz algebras [18] etc.
The starting point of the present paper is quasi-filiform Leibniz algebras of maximal length [4] , [5] considered further as nilradicals of solvable Leibniz algebras.
Since solvable Leibniz algebras whose nilradical is quasi-filiform Lie algebra of maximal length were classified in [10] , we consider the case when nilradical is quasi-filiform non Lie algebra of maximum length.
Throughout the paper vector spaces and algebras are finite-dimensional over the field of the complex numbers. Moreover, in the table of multiplication of any algebra the omitted products are assumed to be zero and, if it is not noted, we consider non-nilpotent solvable algebras.
Preliminaries
In this section we briefly give necessary definitions and preliminary results which can be found also in [5] , [7] , [13] , [18] . It is obvious that Leibniz algebras are determined by the identity L(x, y, z) = 0.
From the Leibniz identity we conclude that the elements [x, x], [x, y] + [y, x] for any x, y ∈ L belong to the right annihilator (denoted by Ann r (L)) of an algebra L. Moreover, it is easy to see that Ann r (L) is a two-sided ideal of L.
The notion of a derivation in the case of Leibniz algebras is defined as usual, that is, a linear map
(2.1)
For a given Leibniz algebra L we consider the lower central and the derived series
Evidently, for an n-dimensional nilpotent Leibniz algebra L we have L n+1 = 0. The maximal nilpotent ideal of a Leibniz algebra is called the nilradical of the algebra. Let R be a solvable Leibniz algebra with nilradical N . We denote by Q the complementary vector space of the nilradical N to the algebra R. Let us consider the restrictions to N of the right multiplication operator on an element x ∈ Q (denoted by R x| N ). Thanks to [7] we know that for any x ∈ Q, the operator R x| N is a non-nilpotent derivation of N .
Let {x 1 , . . . , x m } be a basis of Q, then for any scalars {α 1 , . . . , α m } ∈ C \ {0}, the matrix α 1 R x1| N + · · · + α m R xm| N is non-nilpotent, which means that the elements {x 1 , . . . , x m } are nil-independent [15] . Therefore, the dimension of Q is bounded by the maximal number of nil-independent derivations of the nilradical N (see [7, Theorem 3.2] ). Moreover, similar to the case of Lie algebras, for a solvable Leibniz algebra R the inequality dim N ≥ 1 2 dim R holds. Below we define the notion of a quasi-filiform Leibniz algebra.
In the following theorem we give the classification of quasi-filiform non Lie Leibniz algebras of maximum length given in [4] and [5] .
Theorem 2.5. An arbitrary n-dimensional quasi-filiform non Lie Leibniz algebra of maximum length is isomorphic to one algebra of the following pairwise non-isomorphic algebras of the families:
where {e 1 , e 2 , . . . , e n } is a basis of the algebra.
For solvable Leibniz algebras with n-dimensional nilradical M and with s-dimensional complemented space to the nilradical we use the notation R(M, s).
Thanks to work [1] we already have the classification of solvable Leibniz algebras R(M 4 , 1), while there is no solvable Leibniz algebra of the family R(M 4 , 2). Namely, we have the following theorem. 
. . , a n−1 ) :
where the first non-vanishing parameter a 2 , . . . , a n−1 in the family R(M 4 , 1)(a 2 , . . . , a n−1 ) can be scaled to 1.
Moreover, in [18] 
In order to simplify our further calculations for the algebras M 1,δ and M 3,1 , by taking the change of basis in the following form, respectively:
we obtain the table of multiplication of the algebras M 1,δ and M 3,α , which we use throughout the paper:
Solvable Leibniz algebras whose nilradical is quasi-filiform non Lie Leibniz algebra of maximum length.
This section is devoted to the classification of solvable Leibniz algebras whose nilradical is non Lie Leibniz algebra of maximum length. Due to Theorems 2.6, 2.7 and 2.8 we only need to consider solvable Leibniz algebras with nilradicals M 1,δ , M 2,λ and M 3,1 .
3.1. Derivations of algebras M i, * , i = 1, 2, 3. In order to begin the description of solvable Leibniz algebras with nilradicals M i, * , i = 1, 2, 3 we need to know their derivations.
) has the following matrix form:
. . a n−3 a n−2 a n−1 a n 0 2a 1 . . . a n−4 a n−3 0 (λ + 1)a n−1 0 0 . . . a n−5 a n−4 0 0
Proof. It is easy to see that {e 1 , e 2 } are the generator basis elements of the algebra M 1,δ . We put
From the derivation property (2.1) we have
Consequently, a t = 0, 2 ≤ t ≤ n − 3. From the derivation property (2.1) we have
Buy induction and the property of derivation (2.1) we derive
On the other hand, we have
Consequently,
The description of the matrix form of derivations for the algebra M 2,λ is obtained similar to the above. 
Proof. The proof is established by straightforward calculations of the derivation property and the table of multiplications of the algebra M 3,1 .
Propositions 3.1 and 3.2 imply the possible dimensions for complemented spaces.
Corollary 3.3. The following holds:
Descriptions of algebras R(M
In this subsection we describe solvable Leibniz algebras R(
Theorem 3.4. An arbitrary algebra of the family R(M 1,0 , 1) admits a basis {e 1 , e 2 , . . . , e n , x} such that its table of multiplications is one of the following types:
Proof. Let {e 1 , e 2 , . . . , e n , x} be a basis such that the table of multiplications of an algebra M 1,0 in the basis {e 1 , e 2 , . . . , e n } has the form of Theorem 2.5.
From Proposition 3.1 we have the products in the algebra R(M 1,0 , 1):
[e 1 , x] = a 1 e 1 + a n−2 e n−2 + a n−1 e n−1 + a n e n ,
where
Taking the change
Considering the equalities L(x, e 1 , e 2 ) = L(x, e i , e 1 ) = L(x, e 2 , x) = L(x, x, e 2 ) = 0 with 2 ≤ i ≤ n−2 we derive restrictions:
We have c 2,n = 0 (otherwise we have a 1 = b 2 = 0), then from the above restrictions we obtain c 2,n−1 = 0.
The equality L(x, e 1 , x) = 0 implies
Thus, the table of multiplications of the algebra R(M 1,0 , 1) has form:
[e 1 , x] = a 1 e 1 + a n−2 e n−2 + a n−1 e n−1 + a n e n , [
[e n , x] = a n−2 e n−1 + 2a 1 e n , [x,
δ t e t .
(3.2)
Let us take the general change of generator basis elements:
We
= δ t = 0, 2 ≤ t ≤ n − 2. Now applying the change of basis elements e 1 , e 2 , e n and x as follows: e ′ 1 = e 1 − a n−2 e n−2 − (a n−1 − a n−2 b 3 + a n a n−2 )e n−1 , e ′ 2 = e 2 + b n e n , e ′ n = e n − a n−2 e n−1 , x ′ = x − δ n−1 e n−1 , we can assume a n−2 = a n−1 = b n = δ n−1 = 0. Thus, we obtain the family of algebras R 1 (M 1,0 , 1)(α 2 , . . . , α n ). Case 1.2. Let a 1 = 0. Then by rescaling x ′ = 1 a1 x in (3.2) we can assume a 1 = 1. Note that restrictions (3.1) in this case have the following form:
Now we investigate possible cases for parameter b 2 .
• Let b 2 = 1. Then applying the basis transformation in the following form:
A j e j , e
with
we obtain b t = 0 for 3 ≤ t ≤ n. From restrictions (3.3) we get δ n−3 = −a n−2 , δ n−2 = −a n−1 , a n = δ t = 0, 2 ≤ t ≤ n − 4,
Taking the change e ′ 1 = e 1 − a n−2 n − 4 e n−2 − a n−1 n − 3 e n−1 , e ′ n = e n − a n−2 n − 4 e n−1 , we obtain a n−2 = a n−1 = 0. The equality L(x, e 1 , x) = 0 implies c 1,t = 0, 3 ≤ t ≤ n.
Finally, making a change x ′ = x − δn−1 n−2 e n−1 − δn 2 e n , we derive δ n−1 = δ n = 0 and the algebra R 2 (M 1,0 , 1)(α) is obtained.
• Let b 2 = 1. Then from (3.3) we conclude a n = 0, c 1,2 = 0, δ t = 0, 2 ≤ t ≤ n − 4.
The result of the change of the basis elements {e 1 , . . . , e n−1 }:
δ n e n , we have δ n = 0 and the table of multiplications (3.2) has the following form:
[e 1 , x] = e 1 + a n−2 e n−2 + a n−1 e n−1 ,
] = a n−2 e n−1 + 2e n , [x, e 1 ] = −e 1 , [x, x] = −a n−2 e n−3 − a n−1 e n−2 + δ n−1 e n−1 .
(3.4)
-Let b 2 = 2. Then taking the change of elements {e 1 , e 2 , e n , x} in (3.4) as follows:
e n−2 − a n−1 n − 2 e n−1 , e ′ 2 = e 2 − a n−2 b n (3 − n) 2 e n−1 , e ′ n = e n − a n−2 n − 3 e n−1 , x ′ = x − δ n−1 n − 1 e n−1 + a n−2 n − 3 e n−3 + a n−1 n − 2 e n−2 ,
we can assume that a n−2 = a n−1 = δ n−1 = 0. Hence, we obtain the family of algebras R 3 (M 1,0 , 1)(α). -Let b 2 = 5 − n. Then setting e ′ 1 = e 1 − a n−1 e n−1 , e ′ 2 = e 2 + a n−2 b n (3 − n) 2 e n−1 + b n 3 − n e n , x ′ = x − δ n−1 2 e n−1 + a n−1 e n−2 , in (3.4) one can get a n−1 = b n = δ n−1 = 0. So, we obtain the family of algebras
Then putting e ′ 1 = e 1 + a n−2 e n−2 , e ′ 2 = e 2 + a n−2 b n (2 − n)(3 − n) e n−1 + b n 2 − n e n , e ′ n = e n + a n−2 e n−1 , x ′ = x − δ n−1 e n−1 − a n−2 e n−3 , in (3.4) we derive a n−2 = b n = δ n−1 = 0. Therefore, the family
Then applying the change in (3.4) e ′ 1 = e 1 + a n−2 2 e n−2 + a n−1 e n−1 , e ′ 2 = e 2 + a n−2 b n (1 − n)(3 − n) e n−1 + b n 1 − n e n , e ′ n = e n + a n−2 2 e n−1 , x ′ = x − a n−2 2 e n−3 − a n−1 e n−2 , we can assume a n−2 = a n−1 = b n = 0. Hence, we get R 6 (M 1,0 , 1)(α). -Let b 2 = 2, 3 − n, 4 − n, 5 − n. Then setting e ′ 1 = e 1 − a n−2 n − 5 + b 2 e n−2 − a n−1 n − 4 + b 2 e n−1 , e
e n−1 + a n−2 n − 5 + b 2 e n−3 + a n−1 n − 4 + b 2 e n−2 , in (3.4) we get a n−2 = a n−1 = b n = δ n−1 = 0. Thus, we obtain the algebra R 7 (M 1,0 , 1)(α). A j e j , e
we can assume b t = 0, 3 ≤ t ≤ n. Putting e ′ 1 = e 1 − a n−2 n − 5 e n−2 − a n−1 − a n a n−2 n − 4 e n−1 − a n e n , e ′ n = e n − a n−2 n − 5 e n−1 , we get a n−2 = a n−1 = a n = 0.
n−3 e n−1 − δn 2 e n if necessary, we obtain δ n−1 = 0, δ n = 0 and we get the algebra of the family R 7 (M 1,0 , 1)(α).
In the following theorem we investigate the isomorphism inside the families of algebras of Theorem 3.4. 
where α i , α ∈ C and the first non-vanishing parameter {α 2 , . . . , α n } in the algebra R 1 (M 1,0 , 1)(α 2 , . . . , α n ) can be scaled to 1.
Proof. Let us consider the general change of generator basis elements of the algebra R(M 1,0 , 1):
From the products [e
Thus we have the following:
• Let us consider the family R 1 (M 1,0 , 1)(α 2 , . . . , α n ). Considering the below presented products we obtain restrictions:
Thus, we deduce the following invariant relations:
From these relations we conclude that by suitable value of A 1 the first non-vanishing parameter {α 2 , . . . , α n } of the algebra from R 1 (M 1,0 , 1)(α 2 , . . . , α n ) can be scaled to 1.
• Consider the family of algebras R 2 (M 1,0 , 1)(α). Similarly, we have
B2 . If α = 0, then by putting B 2 = A 1 α, we get α ′ = 1 and we have the algebra
α , we have α ′ = 1 and hence we obtain the algebra
.
, we get α ′ = 1 and the algebra R 4 (M 1,0 , 1)(1);
• Now consider the case of family of algebras
, we have α ′ = 1 and the algebra R 5 (M 1,0 , 1)(1);
we obtain
, we can assume α ′ = 1 and we obtain R 6 (M 1,0 , 1)(1);
If α = 0, we derive the algebra R 7 (M 1,0 , 1)(3 − n).
• Finally, consider the algebra R 7 (M 1,0 , 1)(α). Then from the products
Theorem 3.6. There are no solvable Leibniz algebra with nilradical M 1,1 .
Proof. From Proposition 3.1 we have the products in the algebra of the family R(M 1,1 , 1):
[e 1 , x] = a 1 e 1 + a n−2 e n−2 + a n−1 e n−1 + a n e n , [e 2 , x] = 3a 1 e 2 + n t=3
where a 1 = 0.
Applying the Leibniz identity, we have restrictions of structure constants
Thus, we get a contradiction with condition a 1 = 0, which imply the non existence of a solvable Leibniz algebra with nilradical M 1,1 and one-dimensional complemented space.
Similar to Theorems 3.4 and 3.5 we give the description up to isomorphism of solvable Leibniz algebras with nilradical M 2,λ and one-dimensional complementary space to the nilradical, i.e., solvable Leibniz algebras R(M 2,λ , 1).
Theorem 3.7. An arbitrary algebra of the family R(M 2,λ , 1) is isomorphic to one of the following pairwise non-isomorphic algebras:
[e n , x] = e n−2 + (n − 2)e n , R 9 (M 2,0 , 1) :
where α i , α ∈ C and the first non-vanishing parameter {α 2 , . . . , α n } in the algebra from
. . , α n ) can be scaled to 1.
In order to complete the classification of solvable Leibniz algebras whose nilradical is quasi-filiform Leibniz algebra of maximum length and the dimension of complementary space is one-dimensional, we need to classify seven-dimensional solvable Leibniz algebras with nilradical M 3,1 .
Theorem 3.8. An arbitrary algebra of the family R(M 3,1 , 1) is isomorphic to the algebra:
Proof. Due to Corollary 3.3 the dimension of complementary space to the nilradical M 3,1 is equal to one. From Proposition 3.2 we have the following products in the algebra R(M 3,1 , 1): we may assume a t = 0, 3 ≤ t ≤ 6. By taking the basis transformation as follows: Further, making the change of basis element x in the following way
we may assume [x, x] = 0, which completes the proof of theorem.
Descriptions of algebras R(M
In this subsection we classify solvable Leibniz algebras whose nilradical is quasi-filiform Leibniz maximal length and the dimension of the complementary space to the nilradical is equal to two. Theorem 3.9. An arbitrary algebra of the family R(M 1,0 , 2) is isomorphic to the following algebra:
Proof. Consider the matrix form of a derivation for the case of algebra M 1,0 given in Proposition 3.1. Since parameters a 1 and b 2 are in the diagonal, we have only two nil-independent derivations which correspond to the values of (a 1 , b 2 ) as (1, 0) and (0, 1). We denote these derivations by R x1 and R x2 , respectively.
Let {e 1 , . . . , e n , x 1 , x 2 } be a basis of R(M 1,0 , 2) such that R x1 and R x2 are operators of right multiplications on elements x 1 and x 2 , respectively. It is known that span{e 1 , . . . , e n , x 1 } forms a subalgebra of the algebra R(M 1,0 , 2). Therefore, this subalgebra is isomorphic to the algebra R 7 (M 1,0 , 1)(0) in the list of Theorem 3.5. Then the table of multiplications of algebra R(M 1,0 , 2) can be written in the following form:
[e n , x 1 ] = 2e n ,
[e 1 , x 2 ] = a n−2 e n−2 + a n−1 e n−1 + a n e n , Considering the Leibniz identity for triples mentioned below we obtain
L(e 1 , x 2 , x 2 ) = 0, ⇒ δ 1 2,2 = 0, L(e n , x 2 , x 1 ) = 0, ⇒ a n−2 = 0, L(e 2 , x 2 , x 1 ) = 0, ⇒ δ 1 2,1 = b t = 0, 4 ≤ t ≤ n, L(x 2 , e 1 , e 2 ) = 0, ⇒ c 2,t = 0, 1 ≤ t ≤ n − 2, L(x 2 , e 2 , x 1 ) = 0, ⇒ c 2,t = 0, n − 1 ≤ t ≤ n, L(x 2 , e i , e 1 ) = 0, 2 ≤ i ≤ n − 2, ⇒ c i,t = 0, 3 ≤ i ≤ n − 1, 1 ≤ t ≤ n, L(x 2 , e 1 , e 1 ) = 0, ⇒ c n,t = 0, 1 ≤ t ≤ n, L(x 2 , e 1 , x 1 ) = 0, ⇒ c 1,2 = c 1,n = δ t 2,1 = 0, 2 ≤ t ≤ n − 2, L(e 1 , x 2 , e 1 ) = 0, ⇒ c 1,1 = 0, L(e 1 , x 2 , x 1 ) = 0, ⇒ a n−1 = a n = 0, L(x 1 , e 1 , x 2 ) = 0, ⇒ δ t 1,2 = 0, 2 ≤ t ≤ n − 2, L(x 2 , e 1 , x 2 ) = 0, ⇒ δ t 2,2 = 0, 2 ≤ t ≤ n − 2. In a similar way we obtain the description of solvable algebras R(M 2,λ , 2). 
